ABSTRACT. We consider various constructions of monotone Lagrangian submanifolds of P n , S 2 × S 2 , and quadric hypersurfaces of P n . In S 2 ×S 2 and P 2 we show that several different known constructions of exotic monotone tori yield results that are Hamiltonian isotopic to each other, in particular answering a question of Wu by showing that the monotone fiber of a toric degeneration model of P 2 is Hamiltonian isotopic to the Chekanov torus. Generalizing our constructions to higher dimensions leads us to consider monotone Lagrangian submanifolds (typically not tori) of quadrics and of P n which can be understood either in terms of the geodesic flow on T * S n or in terms of the Biran circle bundle construction. Unlike previously-known monotone Lagrangian submanifolds of closed simply connected symplectic manifolds, many of our higher-dimensional Lagrangian submanifolds are provably displaceable.
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INTRODUCTION
A basic, though generally unattainable, goal in symplectic topology is the classification of the Lagrangian submanifolds L of a given symplectic manifold (M , ω). Such submanifolds have a pair of classical invariants, both homomorphisms defined on the group π 2 (M , L): the area homomorphism I ω : π 2 (M , L) → which maps the homotopy class of a disk u to the area D 2 u * ω; and the Maslov homomorphism I µ : π 2 (M , L) → which maps the homotopy class of u to the Maslov index of the loop of Lagrangian subspaces given by u| * ∂ D 2 T L with respect to a symplectic trivialization of u * T M . The Lagrangian submanifold L is called monotone if there is a constant λ > 0 such that I ω = λI µ . This is a rather restrictive hypothesis-for instance it requires that the ω-area of any two-sphere in M be λ 2 times its Chern number, so many symplectic manifolds have no monotone Lagrangian submanifolds and in those that do the parameter λ is often (e.g. if M is simply-connected and compact) determined by the ambient manifold. A more modest goal than the classification of all Lagrangian submanifolds is to understand the monotone Lagrangian submanifolds of a given symplectic manifold-in particular the specialization to the monotone case restricts the classical invariants in a natural way.
The notion of monotonicity was originally introduced with the somewhat technical goal of facilitating the construction of Floer homology [Oh] , though over time it has become clearer that monotonicity is a geometrically significant property. To give a simple special case, on the sphere S 2 the lines of latitude (which are the fibers of the moment map for the standard Hamiltonian S 1 -action on S 2 ) are all Lagrangian submanifolds. Among these, the only one which is monotone is the equator; the equator is also the only line of latitude L which is nondisplaceable in the sense that for every Hamiltonian diffeomorphism φ of S 2 we have φ(L) ∩ L = ∅. A considerable generalization of this has been proven by independently by [EnP09] : for any monotone toric symplectic manifold the unique fiber of the moment map which is monotone is also nondisplaceable; conversely it is often (though not always) the case that all other fibers of the moment map are displaceable [Mc11] .
This paper concerns monotone Lagrangian submanifolds in complex projective space P n and in quadric hypersurfaces thereof. Our normalization convention throughout will be to treat P n as the coisotropic reduction of the sphere of radius 2 in n+1 , which then induces a symplectic form on the quadric in P n by restriction; we will emphasize these conventions by denoting the relevant manifolds as P n ( 2) and Q n ( 2). The four-real-dimensional cases of P 2 ( 2) and Q 3 ( 2) will 1 receive special attention. Note that Q 3 ( 2) is symplectomorphic to S 2 × S 2 , where the latter is equipped with a symplectic form giving area 2π to each factor.
Results in dimension four. Each of P
2 ( 2) and S 2 × S 2 contains a standard monotone Lagrangian torus, in each case sometimes called the Clifford torus: in the first case one views P 2 ( 2) as a compactification of the ball of radius 2 in 2 and considers the torus given as the product of the circles of radius 2/3 in each factor, while in the second case one simply takes the product of the equators in the two S 2 factors of S 2 × S 2 . For some time it was unknown whether the Clifford tori were the only monotone Lagrangian tori in these manifolds up to Hamiltonian isotopy; however by now there are a variety of constructions of monotone Lagrangian tori which are not Hamiltonian isotopic to the Clifford tori. One of the goals of this paper is to clarify the relationship between several of these constructions.
In particular, here are sketches of five ways of constructing a monotone Lagrangian torus in S 2 × S 2 (more specific details will be provided later in the paper):
• Begin with a suitably-scaled version, denoted in this paper by 1/2 0,1 , of the torus in T * S 2 considered in [AF] , and consider the image • As in [FOOO12] , begin with the fiber over (1/2, 1/2) of the toric orbifold whose moment polygon is the triangle with vertices (0, 0), (0, 1), and (2, 0), and then desingularize the orbifold to obtain a manifold symplectomorphic to S 2 × S 2 containing a monotone Lagrangian torus T F OOO .
• Let T C S denote the image of the "twist torus" Θ 1 in B 2 ( 2) × B 2 ( 2) ⊂ 4 from [ChS10] under the standard dense symplectic embedding of B 2 ( 2) × B 2 ( 2) into S 2 × S 2 .
• As in [Ga13, Section 3] , Consider the polarization of S 2 × S 2 given by the diagonal ∆, and let T BC be the result of the Biran circle bundle construction [Bi06] using an equatorial circle in ∆.
• As in [EnP09] , where e 1 is the first standard basis vector in 3 let
T EP = (v, w) ∈ S 2 × S 2 (v + w) · e 1 = 0, v · w = −1/2
We prove:
Theorem 1.1. All of the five tori T AF , T F OOO , T C S , T BC , and T EP are Hamiltonian isotopic 1 to each other.
The fact that T C S and T BC are Hamiltonian isotopic is proven in [Ga13] , though we give a somewhat different argument. The equivalences of the other tori seem to have been widely expected, and in some cases may be known to a small number of experts, but we have not seen full proofs in the literature. Theorem 1.1 is proven in several parts, as Propositions 2.1, 2.4, and 4.1.
Many of the tori listed above have analogues which are monotone Lagrangian tori in P 2 ( 2), namely:
• A suitably-scaled version of the torus in T * S 2 from [AF] descends under the natural quotient map to a torus 1/3 0,1 ⊂ T * P 2 , which then includes into P 2 ( 2) as a monotone torus T P AF under a Darboux-Weinstein neighborhood of P 2
• As in [Wu12] , begin with the fiber over (1/3, 1/3) in the toric orbifold whose moment polygon has vertices (0, 0), (0, 1/2), and (2, 0), and then smooth the singular point to obtain a manifold symplectomorphic to P 2 ( 2) containing a monotone Lagrangian torus T W . 1 Since some of these tori are constructed not in S 2 ×S 2 but rather in some other manifold M which is symplectomorphic to S 2 × S 2 , whether a Hamiltonian isotopy exists between, e.g., T FOOO and T E P might seem to depend on the choice of symplectomorphism from M to S 2 × S 2 . However since every symplectomorphism of S 2 × S 2 can be written as the composition of a Hamiltonian diffeomorphism and the diffeomorphism which switches the two factors of S 2 × S 2 [Gr, 0.3.C] , and since T E P is invariant under this latter diffeomorphism, there is in fact no such dependence.
ON CERTAIN LAGRANGIAN SUBMANIFOLDS OF S 2 × S 2 AND P n 3
• Let T P C S denote the image under the standard dense symplectic embedding B 4 ( 2) → P 2 ( 2) of the twist torus Θ 1 from [ChS10] .
• As in [BC09, Section 6.4] , consider the polarization of P 2 ( 2) given by the quadric hypersurface Q 2 ( 2), which is symplectomorphic to S 2 , and let T P BC be the result of the Biran circle bundle construction using an equatorial circle in Q 2 ( 2). Similarly to Theorem 1.1, we have: Similarly to the case of S 2 × S 2 the tori T P C S and T P BC were proven to be Hamiltonian isotopic in [Ga13] ; however the other equivalences do not appear to have been known, and in particular the question of whether T W is Hamiltonian isotopic to T P C S is asked in [Wu12, Remark 1.3] . Theorem 1.2 is proven in Section 3.2 and Proposition 7.3.
It has been known for some time that the tori in Theorems 1.1 and 1.2 are not Hamiltonian isotopic to the respective Clifford tori (see, e.g., [ChS10, Theorem 1] ). Recently, Vianna [Vi] has constructed a monotone Lagrangian torus in P 2 which is Hamiltonian isotopic neither to the Clifford torus nor to T P C S . 1.2. Results in higher dimensions. Some of the tori in Theorems 1.1 and 1.2 have natural generalizations to higher-dimensional monotone Lagrangian submanifolds. Higher-dimensional versions of the twist tori T C S are discussed in [ChS10] , yielding many mutually inequivalent, nondisplaceable monotone Lagrangian tori in (S 2 ) n and P n . Here we will instead consider certain generalizations of T AF and T BC , yielding monotone Lagrangian submanifolds (typically not tori) in P n ( 2) and in the quadrics Q n ( 2). More specifically, in Section 5 we introduce, for any pair of natural numbers k ≤ m with m ≥ 1 and any positive real number r, a submanifold r k,m ⊂ T * S k+m+1 as the union of the cotangent lifts of speed-r geodesics connecting the linked spheres S k × { 0} and { 0} × S m in S k+m+1 . The torus 1 0,1 is the subject of [AF] , and more generally a remark near the end of [AF] discusses 1 0,m . To obtain a Lagrangian submanifold in a closed manifold there are two natural ways to proceed: one can perform a symplectic cut [L] on T * S k+m+1 to obtain a manifold symplectomorphic to Q k+m+2 ( 2); or one can instead first take the quotient of T * S k+m+1 by the antipodal involution, yielding T * P k+m+1 , and then perform a symplectic cut to obtain a manifold symplectomorphic to P k+m+1 ( 2) . In either case, we will find a unique value of r for which the image of r k,m under the indicated operations on the ambient manifold is monotone, giving rise to monotone Lagrangian submanifolds
(Strictly speaking our presentation will not explicitly use the symplectic cut, though it is not difficult to see that it can be cast in these terms; rather we will directly construct symplectomorphisms from the open disk bundles D *
S k+m+1
and D * 1 P k+m+1 to the complements of symplectic hypersurfaces in Q k+m+2 ( 2) and P k+m+1 ( 2),
where in each case /2 acts simultaneously by the antipodal map on each factor. In particular
1,1 and L P 1,1 are each three-dimensional tori. Another way of constructing monotone Lagrangian submanifolds of Q n+1 ( 2) or P n ( 2) proceeds as follows. Each of these manifolds is a Kähler manifold containing the quadric Q n ( 2) as an ample divisor, and so a given monotone Lagrangian submanifold Λ ⊂ Q n ( 2) induces by the Biran 2 As has been known since [Gr] , the symplectomorphism group of P 2 is equal to its Hamiltonian diffeomorphism group, so a similar remark applies here as in the previous footnote.
circle bundle construction [Bi06, Section 4.1] monotone Lagrangian submanifolds Λ Q ⊂ Q n+1 ( 2) and Λ P ⊂ P n ( 2). (To recall this construction briefly, one identifies an open dense subset of Q n+1 ( 2) or P n ( 2) with a symplectic disk bundle over Q n ( 2), and then sets Λ Q or Λ P equal to the restriction of a circle bundle of appropriate radius in this disk bundle to Λ.) A natural choice for the submanifold Λ ⊂ Q n ( 2) is the following, where k and m are natural numbers with k ≤ m and n = k + m + 1:
The following, proven in 
is nondisplaceable, generalizing the main result of [AF] ; hence so too is its quotient (
These appear to be the first examples of displaceable monotone Lagrangian submanifolds in any simply-connected compact symplectic manifold. In some non-simply-connected ambient manifolds there are simple examples of displaceable monotone Lagrangians such as a small contractible circle on a 2-torus; however if instead of requiring monotonicity one requires homological monotonicity (i.e., that the area and Maslov homomorphisms are proportional on H 2 (M , L) and not just on π 2 (M , L)-if M is simply-connected this is equivalent to monotonicity) then such trivial examples do not arise and we have not found any other examples in the literature. Theorem 1.4 is proven below as Propositions 6.5 and 7.6.
The requirement that k + m ≥ 3 in Theorem 1.4 (ii) means that that result does not apply to the monotone Lagrangian submanifolds In Section 4, we give explicit descriptions of embeddings of symplectic disk bundles [Bi01] in three special cases: the disk bundle over the diagonal ∆ in S 2 ×S 2 ; the disk bundle over the quadric Q n ( 2) in the quadric Q n+1 ( 2); and the disk bundle over the quadric Q n ( 2) in P n ( 2). In the case of the disk bundle over ∆ ⊂ S 2 × S 2 , we observe that the Biran circle bundle construction [Bi06] over an equator in the diagonal is equal to the torus T EP (finishing the proof of Theorem 1.1). Finally, in Proposition 4.2 we establish a general criterion, in terms of topological data, for the displaceability of monotone Lagrangian submanifolds obtained by the Biran circle bundle construction.
Section 5 defines and discusses in detail the submanifolds
, which as mentioned earlier generalize the torus r 0,1 considered in [AF] ; most of the section is devoted to proving Proposition 5.1, asserting that these submanifolds are monotone and nondisplaceable. This nondisplaceability result is not used elsewhere in the paper, but provides an interesting contrast to Theorem 1.4.
In Section 6 we map the submanifolds allows us to show that it is displaceable when k + m ≥ 3.
Finally, in Section 8 we consider the cases of the Lagrangian submanifolds L P 0,2 and L P 1,1 of P 3 ( 2), which fall just outside the reach of Proposition 7.6. In fact, by an approach similar to that used in [Au] , [ChS10] to address a torus which by Theorem 1.2 is equivalent to L P 0,1 , we find that L P 1,1 has nonvanishing Floer homology for an appropriately twisted coefficient system, and hence is nondisplaceable. The Floer homology of L P 0,2 , on the other hand, vanishes, and so its displaceability or nondisplaceability remains an interesting open question.
We will end this introduction by providing some additional perspective on the submanifolds
and on our approach to proving the various equivalences in Theorems 1.1, 1.2, and 1.3. In each case, an important ingredient is our construction of very explicit symplectomorphisms from dense neighborhoods of the Lagrangian submanifolds ∆ ⊂ S 2 × S 2 (the antidiagonal), 0,k+m+1 ⊂ Q k+m+2 ( 2), or P k+m+1 ⊂ P k+m+1 ( 2) to the appropriate disk cotangent bundles, and likewise of explicit symplectomorphisms from dense neighborhoods of
( 2) to appropriate symplectic disk bundles. An organizing principle behind our constructions of these symplectomorphisms is that they should respect the natural symmetry group of the pair (M , Σ) where M is the ambient manifold and Σ is the relevant codimension-two symplectic submanifold: for both (M , Σ) = (Q k+m+2 ( 2), Q k+m+1 ( 2)) and
( 2)) this symmetry group is the orthogonal group O(k + m + 2), and likewise for (S 2 × S 2 , ∆) the symmetry group is O(3), acting diagonally. In each case the relevant orthogonal group acts in Hamiltonian fashion on M (preserving Σ), on the appropriate disk cotangent bundle, and on the appropriate symplectic disk bundle, and our symplectomorphisms are designed to be equivariant with respect to these group actions. A notable feature of these Hamiltonian O(k + m + 2)-actions is that in all cases the norms of their moment maps generate Hamiltonian S 1 -actions (except at the zero locus of the moment map, where the norm of the moment map fails to be differentiable) which commute with the O(k + m + 2)-action-this is most easily seen when one works in the appropriate disk cotangent bundle, where the norm of the moment map is just the norm of the momentum, which has Hamiltonian flow given by the unit-speed geodesic flow. Thus in each case we have an
and L P k,m can each be characterized as particular orbits of the subgroup
where SO(k + 1) × SO(m + 1) acts block-diagonally, and likewise the torus T EP ⊂ S 2 × S 2 can be seen as an orbit of the torus
; indeed the action of this torus can be seen as a concrete realization of the toric action on ( This section will establish the equivalences of all of the tori in Theorem 1.1 except for T BC . We begin by recalling descriptions of the monotone tori T AF , T F OOO , T C S , and T EP , from [AF] , [FOOO12] , [ChS10] , [EnP09] , respectively, with some minor modifications mostly regarding our normalizations. The simplest description is that given in [EnP09] , in which S 2 × S 2 is viewed as an embedded submanifold of 3 × 3 in the usual way:
and, where e 1 is the first standard basis vector in 3 , the torus T EP is described explicitly as
Consistently with the conventions mentioned at the start of the introduction we will take the symplectic form on
ω std , where (S 2 , ω std ) has area 4π. In particular, the sphere S 2 × {point} has area 2π in our conventions. In [ChS10] , one begins with a curve Γ enclosing an area of 
2), the product of open disks of radius 2, and one then considers the torus Θ C S in B 2 ( 2) × B 2 ( 2) given as the orbit of ∆ Γ under the circle action
More explicitly, we have
Finally, one symplectically embeds B 2 ( 2) × B 2 ( 2) in S 2 × S 2 and defines the torus T C S to be the image of Θ C S under such an embedding.
is a symplectic double cover with ϕ 1 (ξ 1 ) = ϕ 1 (ξ 2 ) if and only if ξ 1 = ±ξ 2 . Moreover, where
Proof. First, writing ξ = z 1 + z 2 j, we observe that
and also that
which proves the second statement of the lemma and also makes clear that ϕ 1 has an appropriate codomain.
We then observe that ϕ 1 (−ξ) = ϕ 1 (ξ), and we claim also that ϕ 1 (ξ 1 ) = ϕ 1 (ξ 2 ) only if ξ 1 = ±ξ 2 . Indeed if ϕ 1 (ξ 1 ) = ϕ 1 (ξ 2 ), then it follows that |ξ 1 | = |ξ 2 | and also that
Then, writing for the group of unit quaternions, it is well known that the map 
from which it follows that
Then, since any symplectic map is an immersion, it follows that ϕ 1 is a symplectic double cover as claimed. 
Proof. First, we observe that
and the relationship
|v + w|. Thus, we have proved the second statement of the lemma (which also makes clear that Φ 2 has an appropriate codomain).
To see that Φ 2 is a symplectomorphism, we observe that the vector fields
give a basis for T (v,w) 
We then compute that Ω S 2 ×S 2 evaluates on pairs as follows:
Then, using the coordinate free formula for the exterior derivative of a one form, we will verify that Φ * 2 dλ evaluates on pairs in an identical manner to Ω S 2 ×S 2 . To that end, computing the commutators of the vector fields X 1 , X 2 , X 3 , and X 4 , one finds the following relationships:
Moreover, another computation shows that Φ * 2 λ(X 1 ) = 1 2 |v + w| 2 while Φ * 2 λ(X j ) = 0 for j = 1 (note that (1) was used here to obtain the simplified form given for Φ * 2 λ(X 1 )), and yet another computation reveals that X j Φ * 2 λ(X 1 ) = 0 for j = 2 (since the quantity Φ * 2 λ(X 1 ) = 1 2 |v + w| 2 is preserved under the flows of X 1 , X 3 , and X 4 ) while X 2 Φ * 2 λ(X 1 ) = −2|v × w| 2 . It then follows
and then (by continuity along the anti-diagonal ∆ where the vector fields X j vanish) we see that Φ * 2 dλ = Ω S 2 ×S 2 as required. Finally, to see that Φ 2 is bijective, a routine check (using (1) and the fact that 4 − |v + w| 2 = |v − w| 2 for (v, w) ∈ S 2 × S 2 ) reveals that
With Lemmas 2.2 and 2.3 proved, we are now ready to give a construction of the manifoldF 2 (0) and prove Proposition 2.1.
Proof of Proposition 2.1. First, the fact that T AF = T EP follows immediately from the definitions and from the computations of f T * S 2 • Φ 2 and g T * S 2 • Φ 2 in Lemma 2.3, since for (v, w) ∈ S 2 × S 2 we have |v + w| = 2 + 2v · w.
Since the preimage of the zero-section 0 S 2 under the map Φ 2 is the anti-diagonal ∆ ⊂ S 2 × S 2 , it follows from Lemmas 2.2 and 2.3 that the map Φ −1
which pulls back the function (v, w) →
Consequently we may introduce the symplectic 4-orbifold
since the fact that A is a symplectomorphism shows that the the symplectic forms on B 4 (2) and on (S 2 × S 2 ) \ ∆ coincide on their overlap in . Moreover we have well-defined functions F : → n 11 and G : → defined by
(2) and (v, w) ∈ (S 2 × S 2 ) \ ∆ One easily verifies that the map (F + G, 1 − F ): → 2 is a moment map for a symplectic toric action on the symplectic orbifold , with image equal to the polytope ∆ F OOO . The classification of toric orbifolds from [LT] therefore implies that is equivariantly symplectomorphic to the orbifold F 2 (0) from [FOOO12, Section 3] (as and F 2 (0) have identical moment polytopes and both have only one singular point, located at the preimage of (0, 1) under the moment map); accordingly we hereinafter implicitly identify F 2 (0) with . The manifoldF 2 (0) from [FOOO12] is then constructed by removing a neighborhood of the unique singular point [(0, 0)] of and gluing in its place a neighborhood of 0 S 2 in the cotangent bundle T * S 2 , using a symplectomorphism between \ {[(0, 0)]} and \ 0 S 2 . While a particular choice of this symplectomorphism is not specified in [FOOO12] , we have already constructed one that will serve the purpose, namely the map
on the quotient by the map ϕ 1 from Lemma 2.2. This gives a symplectomorphism between the manifoldF 2 (0) from [FOOO12] and the manifold
But of course the map Φ −1 2 then induces a symplectomorphism between this latter manifold and
There is an obvious continuous map Π:F 2 (0) → F 2 (0) which maps the zero-section 0 S 2 to the singular point [(0, 0)] and coincides with Φ −1
and with the identity on (S 2 ×S 2 )\∆ ⊂F 2 (0); the monotone Lagrangian torus T F OOO is the preimage of the point (1/2, 1/2) under the pulled-back moment map
In view of the expressions for the functions F, G on (S 2 × S 2 ) \ ∆, it follows that T F OOO is taken by our symplectomorphism
which is obviously equal to the Entov-Polterovich torus
Proposition 2.4. There is a symplectomorphism S
Proof. We recall that T C S is defined as ψ × ψ(Θ C S ), where
is a symplectomorphism (shown by a standard computation) and
for a curve Γ ⊂ ( 2) enclosing area
(the Hamiltonian isotopy class of T C S is easily seen to be independent of the particular choice of Γ). Alternatively, Θ C S is given as the orbit of the curve
Another simple computation shows that ψ e i t r e iθ = R t ψ(r e iθ ), where
In other words, T C S is the orbit of the curve ψ × ψ ∆ Γ under the following circle action, denoted
On the other hand, if we consider the smooth embedded curve C ⊂ S 2 × S 2 parametrized by
then we claim that the torus T EP is the orbit of C under the following action of the circle on S 2 ×S 2 :
Indeed, we note that T EP is the regular level set (F 1 ,
for the 2 -valued function
The Hamiltonian vector fields associated to F 1 and 
for 1 the identity and 2 = −1 0 0 0 −1 0 0 0 1 . Hence, it follows that
and we define T ′ EP to be the orbit of the curve ( 1 , 2 )(C) under the action of ρ C S . Where
has boundary Γ ′ , and a routine computation shows that
which means that Γ ′ encloses a domain of area π 2 in S 2 \ {−e 1 }. It then follows that the curve
since ψ is a symplectomorphism, and it is not difficult to see that ψ −1 (Γ ′ ) also lies in ( 2) since ψ maps ( 2) to the hemisphere {v ∈ S 2 | v 3 > 0}. Finally, taking the curve Γ in Chekanov and Schlenk's construction to be the curve ψ −1 (Γ ′ ), the corresponding torus T C S ⊂ S 2 × S 2 is exactly the orbit of the curve
under the action of ρ C S ; in other words, T C S = T ′ EP . Now, by (2) and the fact that T EP is the orbit of C under the action ρ EP , it is clear that T ′ EP is nothing more than the image of T EP under the map ( 1 , 2 ), and thus
) is a symplectomorphism (in fact a Hamiltonian diffeomorphism), the desired result has been obtained.
LAGRANGIAN SUBMANIFOLDS OF
1 S n played a prominent role in the proof of Proposition 2.1, in comparing the various Lagrangian tori in Theorem 1.2 it will be crucial to have a symplectic identification of the disk bundle D * 1 P 2 with a dense subset of P 2 ( 2). In fact, it will be no more difficult to construct a version of this for D * 1 P n for arbitrary n, and this will be useful later in the construction of the
We view the symplectic manifold T * P n as the quotient of T * S n by the antipodal involution
and, for 0 < x < 1,
It is easy to check that f is C ∞ on [0, 1), and also that f satisfies the identity
for all x ∈ [0, 1).
Lemma 3.1. Where P n ( 2) denotes the coisotropic reduction of the sphere of radius 2 in n+1 and where f is the function from (3), the map
is a symplectomorphism to its image, which is equal to the complement of the quadric Q n ( 2) =
Proof. We must first show that Ψ P is well-defined, which evidently will be true provided that, for
of n+1 lies on the sphere of radius 2 (and hence has a well-defined projection to P n ( 2); clearly this projection would then be invariant under the antipodal involution of
where the last equality follows from (4). So the mapΨ
indeed takes values in the sphere of radius 2, and so Ψ P is well-defined as a map to P n ( 2). Next we claim that Ψ P has image contained in
Then for some e iθ ∈ S 1 we have
, but the calculation in the previous paragraph shows that z 2 j and (z ′ j ) 2 are both negative numbers, which forces e 2iθ to be 1 and hence e iθ = ±1; moreover since | z
2 | we will have |p| = |p ′ |. So the assumption that
We now show that the image of Ψ P is all of P n ( 2)\Q n ( 2). Any element of P n ( 2)\Q n ( 2) can be represented in the form [u+ i v] where u, v ∈ n+1 have |u| 2 + |v| 2 = 2 and (u j + i v j ) 2 < 0. The latter condition amounts to the statements that |u| < |v| and that u · v = 0. Now from the definition of f one finds that
and hence that f (|u||v|)|v| = 1. Thus we have
(The fact that |v||u| < 1 follows from the facts that 0 < (|v| − |u|) 2 and |v| 2 + |u| 2 = 2.) So indeed all points of P n ( 2) \ Q n ( 2) lie in the image of Ψ P .
Finally we show that Ψ P is a symplectomorphism to its image. Given what we have already done, this will follow once we show that where
2) pulls back the Fubini-Study form to the standard symplectic form on D * 1 P n . In particular this implies that Ψ P is an immersion (and so also a submersion by dimensional considerations). So sinceΨ P maps D * 1 P n bijectively to the open subset P n ( 2)\Q n ( 2) of P n ( 2) it follows that Ψ P is a symplectomorphism to this subset.
Remark 3.2. It follows from (5) that Ψ P pulls back the function H :
generates a Hamiltonian S 1 -action on D * 1 P n \ 0 P n (given by the geodesic flow) it follows that H generates a Hamiltonian S 1 -action on P n \ P n . (The function H fails to be smooth along
It is easy to see that H Poisson-commutes with each of the functions G i j .
When n = 2, we thus have a Hamiltonian torus action on P n ( 2) \ P n with moment map given by (H, G 12 ).
Equivalences in P
2 . The torus T P AF from Theorem 1.2 is, by definition, the image under . This proves that T P AF is equal to the torus L P 0,1 that is defined in Theorem 1.2. We now recall the constructions of the tori T P C S and T W as presented in [ChS10] and [Wu12] with some minor modifications pertaining to normalization. In [ChS10] , one begins with a curve Γ P enclosing an area of 
, which is itself contained in the 4-dimensional Euclidean ball B 4 ( 2); then one considers the torus Θ P C S in B 4 ( 2) given as the orbit of ∆ Γ P under the circle action
Finally, one symplectically embeds B 4 ( 2) in P 2 ( 2) and defines the torus T P C S to be the image of Θ P C S under such an embedding. In [Wu12] , one begins with a symplectic toric orbifold that is denoted F 4 (0) and whose moment polytope is
with exactly one singular point sitting over the point (0, 1/2) ∈ ∆ W . Then, by replacing a neighborhood of the singular point with a neighborhood of the zero-section of the cotangent bundle T * P 2 , one obtains a manifold denotedF 4 (0) that is symplectomorphic to P 2 ( 2). The monotone Lagrangian torus T W is then described as the image of the fiber over the point (1/3, 1/3) ∈ ∆ W under a symplectomorphismF 4 (0) → P 2 ( 2).
Just as in the case of T F OOO ⊂ S 2 × S 2 , most of our task will consist of giving a very explicit symplectomorphism of the manifoldF 4 (0) with P 2 ( 2); once this is achieved we will see almost immediately that our symplectomorphism maps T W to L P 0,1
As above we identify T * P 2 as the quotient of T * S 2 by the antipodal involution. We denote the zero section of T * P 2 by 0 P 2 .
Lemma 3.4. Where 〈i〉 is the multiplicative subgroup of * generated by i = −1, the map ϕ 1 :
Proof. By Lemma 2.2, it is clear that the map ϕ 1 descends to a symplectomorphism
, and the observation that
shows that Φ 1 is equivariant with respect to the /2 actions on (B 4 (2) \ {0})/ ± 1 and D * 1 S 2 \ 0 S 2 given by multiplication by i and the induced action of the antipodal map S 2 → S 2 , respectively. Since the quotient of (B 4 (2) \ {0})/ ± 1 by the /2 action is obviously symplectomorphic to (B 4 (2) \ {0})/〈i〉, it follows that ϕ 1 descends to a symplectomorphism Φ 1 : (B 4 (2) \ {0})/〈i〉 → D * 1 P 2 \ 0 P 2 exactly as claimed. The computations of the maps f T * P 2 • Φ 1 and g T * P 2 • Φ 1 are nearly identical to the analogous ones in the proof of Lemma 2.2.
We may now give a construction of the manifoldF 4 (0) and prove Proposition 3.3.
Proof of Proposition 3.3. Since the preimage of the zero-section 0 P 2 under the map (
, it follows from Lemmas 3.1 and 3.4 and Remark 3.2 that the map
is a symplectomorphism which pulls back the function [z 0 :
and pulls back the function [z 0 :
. Consequently we may introduce the symplectic 4-orbifold
since the fact that Ψ P • Φ 1 is a symplectomorphism shows that the the symplectic forms on B 4 (2) and on P 2 ( 2) \ P 2 coincide on their overlap in . Moreover we have well-defined functions F : → and G : → defined by
→ 2 is a moment map for a symplectic toric action on the symplectic orbifold , with image equal to the polytope ∆ W . The classification of toric orbifolds from [LT] therefore implies that is equivariantly symplectomorphic to the orbifold F 4 (0) (as and F 4 (0) have identical moment polytopes and both have only one singular point, located at the preimage of (0, 1/2) under the moment map); accordingly we hereinafter implicitly identify F 4 (0) with . The manifoldF 4 (0) is then constructed by removing a neighborhood of the unique singular point [(0, 0)] of and gluing in its place a neighborhood of 0 P 2 in the cotangent bundle T * P 2 , using a symplectomorphism between \ {[(0, 0)]} and \ 0 P 2 . While a particular choice of this symplectomorphism is not specified in [Wu12] , we have already constructed one that will serve the purpose, namely the map
from Lemma 3.4. This gives a symplectomorphism between the manifoldF 4 (0) and the manifold
But of course the map Ψ P then induces a symplectomorphism between this latter manifold and
There is an obvious continuous map Π:F 4 (0) → F 4 (0) which maps the zero-section 0 P 2 to the singular point [(0, 0)] and coincides with Φ −1 1 on D * 1 P 2 \ 0 P 2 ⊂F 4 (0) and with the identity on P 2 ( 2) \ P 2 ⊂F 4 (0); the monotone Lagrangian torus T W is the preimage of the point (1/3, 1/3) under the pulled-back moment map
In view of the expressions for the functions F , G on P 2 ( 2) \ P 2 , it follows that T W is taken by our
Before proving the equivalence of T P C S and L P 0,1 we require an area computation:
Lemma 3.5. For 0 < α < 1 the area enclosed by the curve w ∈ ( 2) |w
It is easy to check thath 1 has image contained in the sphere of radius 2 and pulls back the form − y 1 d x 1 + x 2 d y 2 to a primitive for the standard symplectic form on D( 2) ⊂ . Henceh 1 descends
which moreover is easily seen to be an embedding (for instance composing it with the unitary transformation 1 2 i 1 −i 1 yields a map which is obviously injective). h 1 pulls back the function
, and it pulls back the function [z 0 :
2 . Thus h 1 restricts to the unit disk D(1) as a symplectomorphism to the subset {[z 0 : z 1 ] ∈ P 1 ( 2) : I m(z 0z1 ) > 0}. Meanwhile another symplectomorphism whose image is this latter subset is given by the map
We thus obtain a symplectomorphism h
which sends the disk of any given radius r < 1 to the region
Thus the region in the statement of the lemma has the same area as the disk of radius equal to the number r ∈ (0, 1) obeying 4r 2 (2 − r 2 ) = 4(1 − α 2 ). But this value of r is precisely r = 1 − α and so the lemma follows.
Proposition 3.6. There is a symplectomorphism P
Proof. Recall that T P C S is defined as ψ P Θ P C S , where
is a symplectomorphism (as a routine computation shows) and
for a curve Γ P ⊂ (1) enclosing area π 3
(the Hamiltonian isotopy class of T P C S is easily seen to be independent of the particular choice of Γ P ). Alternatively, Θ P C S is given as the orbit of the curve
We now consider points [z 0 :
, not all of z 0 , z 1 , z 2 can be real multiples of each other. On the other hand since I m(z 1 z 2 ) = 0, z 1 and z 2 are real multiples of each other. So z 0 must be nonzero, and by modifying (z 0 , z 1 , z 2 ) in its fiber under the Hopf map we may assume that z 0 > 0, and then we can uniquely write (z 1 , z 2 ) = (w cos t, w sin t) where w ∈ ( 2) and (cos t, sin t) ∈ S 1 . We will then have z 0 = 2 − |w| 2 , and the fact that | z 2 j | = 4 2/3 amounts to the statement that w 2 + 2 − |w| 2 2 = 32/9. Thus, where 
under the circle action ρ 0,1 given by
We then observe that the circle actions ρ and ρ 0,1 are conjugate in U(2) since
∈ U(2).
Hence, it follows that
Noting that
is a curve that we claim encloses an area of π 3 . Indeed, since is a symplectomorphism, the area in the diagonal enclosed by ∆C is equal to that enclosed by C 0,1 × {0}. According to Lemma 3.5 with α = 1/3, the area enclosed by C 0,1 × {0} and hence by ∆C is 2π 3
; and since the symplectic form on the diagonal is twice the standard symplectic form on , it follows thatC encloses an area of 
THE BIRAN CIRCLE BUNDLE CONSTRUCTION
We recall the general description of standard symplectic disk bundles from [Bi01] , which we present with a few minor modifications pertaining to normalization. Let (Σ, ω Σ ) be a symplectic manifold, let π P : P → Σ be a principal S 1 -bundle with Chern class [ω Σ ]/τ for some τ > 0, and let β ∈ Ω 1 (P) be a connection 1-form on P with curvature equal to 2πiω Σ /τ, normalized so that β evaluates on the vector field generating the S 1 -action as 1 2π
. Thus we will have −τdβ = π * P (ω Σ ). The standard symplectic disk bundle to Σ associated to the pair (P, β ) is the symplectic manifold ( τ (P), Ω) defined as follows. The smooth manifold τ (P) is the quotient
where D( τ/π) denotes the disk of radius τ/π in , and the symplectic form Ω is defined by the property that, where pr :
is the quotient projection and where
dζ ∧ dζ is the standard symplectic form on ,
Thus Σ naturally embeds into τ (P) as the "zero section" {[(w, 0)]|w ∈ P} with Ω| Σ = ω Σ , and the projection π: [(w, ζ) ] → [(w, 0)] gives τ (P) the structure of a fiber bundle whose fibers are symplectic disks of area τ. If Λ ⊂ Σ is any monotone Lagrangian submanifold, then for any r ∈ (0, τ/π) the submanifold
will be a monotone Lagrangian submanifold of τ (P).
The main theorem of [Bi01] asserts that, if (Σ, ω Σ ) is a complex hypersurface of a Kähler manifold (M , ω) which is Poincaré dual to the cohomology class 1 τ [ω] , then ( τ (P), Ω) symplectically embeds into M as the complement of an isotropic CW complex. There will typically (always, if dim Σ ≥ 4; see [BC09, Proposition 6.4 .1]) be a unique value of r with the property that the embedding maps Λ (r) to a monotone Lagrangian submanifold L of M ; L is then called the Biran circle bundle construction associated to Λ.
Consistently with this, we will now give explicit such embeddings for three special cases: where
where Σ is the quadric Q n ( 2) and M = Q n+1 ( 2); and where Σ is Q n ( 2) and M = P n ( 2). (Under a suitable symplectomorphism the first of these cases can be viewed as the special case of the second where n = 2, but we will handle it separately in order to make the proof of the last equivalence in Theorem 1.1 clearer.)
To begin with the case of ∆ ⊂ S 2 × S 2 , we identify ∆ with S 2 in the obvious way and we use for the principal S 1 -bundle P ∆ the unit circle bundle in the tangent bundle to S 2 , which may be identified as the following subset of 3 × 3 :
with bundle projection given by (x, y) → x and circle action given by
and that moreover dβ is − 1 2π
times the pullback of the standard symplectic form
(Note that since our convention is to take a symplectic form Ω S 2 ×S 2 on S 2 × S 2 giving area 2π to each factor, the restriction Ω S 2 ×S 2 ∆ will coincide with ω std under the obvious identification of ∆ with S 2 .)
Thus [Bi01] implies the existence of a symplectomorphism from 2π (P ∆ ) =
to the complement of an isotropic CW complex in S 2 × S 2 ; we will now explicitly construct such a symplectomorphism. Now the map [(x, y) , r e iθ ] → (x, (r cos θ ) y + (r sin θ )x × y) gives a diffeomorphism of 2π (P ∆ ) to the radius-2 disk bundle
in T S 2 , and in terms of this diffeomorphism the Biran symplectic form Ω restricts to the complement of the zero section as the exterior derivative of the form η ∈ Ω 1 (D 2 S 2 \ 0 S 2 ) given by
One easily sees (using the identity |v − w| 2 = (2 − |v + w|)(2
To see that Θ ∆ is a symplectomorphism we consider its composition (after restricting to the complement of the zero-section) with our previously-defined symplectomorphism
. We find that, for (x, y) ∈ D 2 S 2 with y = 0,
Where λ is the canonical one-form on T * S 2 we see that
which, as noted earlier, is a primitive for the Biran symplectic form Ω on the complement of the zero-section in D 2 S 2 . Since Φ 2 is a symplectomorphism, this implies that Θ ∆ is a symplectomorphism on the complement of the zero-section, and hence globally by continuity.
The Biran circle bundle construction T BC over the circle Λ = {x 1 = 0} in ∆ ∼ = S 2 will then be the image under Θ ∆ of the unit circle bundle over Λ. (The radius 1 is the radius necessary to guarantee monotonicity, as in [BC09, Proposition 6.4.1] after one adjusts for differences in normalization.) We can now complete the proof of Theorem 1.1, as follows:
Given that | y| < 2, we thus see that 4.2. Quadrics. We now discuss the Biran circle bundle construction where the ambient manifold is the quadric
and the hypersurface Σ is Q n ( 2), identified as the set of points
There is a principal S 1 -bundle P Q → Q n ( 2) given by
with bundle projection w → [w]. We use the opposite of the complex S 1 -action on P Q (of course
is just the preimage of Q n ( 2) under the Hopf projection, and the projection
gives a connection form on P Q . We set τ = 2π and form n 2π (P Q ) as a quotient of P Q × D( 2) just as earlier, with symplectic form that pulls back to
and claim that Θ Q is a symplectomorphism. To see this, note that for r ≥ 0 we have
Now the map α: Q as the image under Θ Q of an appropriate-radius circle bundle in
k , y ∈ S m }; these will be considered further in Section 6.
4.3. Complex projective space. Now define a new principal S 1 -bundle P P → Q n ( 2) by
with S 1 -action given by e i t [w] = [e −i t/2 w]. The one-form β on P P defined by the property that its pullback to P Q is given by 1 2π
is a connection form on P P , and so we set τ = π and form n π (P P ) as a quotient of P P × D(1) with symplectic form which pulls back by the map α P :
For u, v ∈ n+1 with |u| = |v| = 1 and u · v = 0 we have
which locally lifts to a map to S 2n+1 that pulls back the primitive 1 2
As in the case of Θ Q , this implies that Θ P is a symplectomorphism to P n ( 2) \ P n . We may thus use Θ P to apply the Biran circle bundle construction to the submanifolds k,m ⊂ Q n ( 2) for k + m = n − 1, yielding monotone Lagrangian submanifolds ( k,m ) P ⊂ P k+m+1 ( 2) that will be discussed further in Section 7. In particular, ( 0,1 ) P ⊂ P 2 ( 2) is the submanifold denoted T P BC in Theorem 1.2.
A general criterion for displaceability. One of our main results, Theorem 1.4, asserts that certain of the monotone Lagrangian submanifolds ( k,m )
Q and ( k,m ) P are displaceable. We will prove this in Sections 6 and 7 based on explicit parametrizations of these specific submanifolds, but we would like to sketch here a more general context in terms of which the displaceability of these submanifolds can be understood.
We consider a monotone Kähler manifold (M , ω, J ), and assume that
and that Σ ⊂ M is a smooth complex hypersurface as in Biran's construction, with
where P D denotes Poincaré duality, so that the complement of an isotropic CW complex in M is symplectomorphic to a standard symplectic disk bundle τ (P) → Σ constructed from a principal S 1 -bundle π P : P → Σ with connection form β ∈ Ω 1 (P) obeying −τdβ = π * P ω| Σ . Also let Λ ⊂ Σ be a monotone Lagrangian submanifold, giving rise to Lagrangian submanifolds Λ (r) ⊂ M for 0 < r < τ/π by taking the image of the restriction of the radius-r circle bundle to Λ under the inclusion of τ (P) into M . It is easy to see what the value of r must be in order for Λ (r) ⊂ M to be monotone: in view of (7) we must have I ω = α 2 I µ on π 2 (M , Λ (r) ), while a radius-r disk fiber of τ (P)| Λ yields a class in π 2 (M , Λ (r) ) with area πr 2 and Maslov index 2, so
Conversely, if dim M ≥ 6 then [BC09, Proposition 6.4.1] implies that Λ ( α/π) ⊂ M will be monotone. Now the fact that Λ ⊂ Σ is Lagrangian implies that the connection given by β on P| Λ is flat. In certain circumstances, we can make the stronger statement that the connection given by β on P| Λ is trivial (i.e., that there is a trivialization of P| Λ taking β to the trivial connection form In this case, the principal S 1 -bundle P| Λ is trivial: choosing a basepoint p 0 ∈ P| Λ we may define a bundle isomorphism Λ × S 1 → P| Λ by mapping a pair (x, e iθ ) ∈ Λ × S 1 to the horizontal translate of e iθ p 0 along any path in Λ from π(p 0 ) to x, which is independent of the choice of path by the triviality of the holonomy. This bundle isomorphism pulls back the connection form β to the standard connection form 1 2π dθ on Λ × S 1 . We then have a commutative diagram
where the left map is the obvious inclusion and the bottom map pulls back the form Ω on τ (P) to the pullback of the standard symplectic form , then C may be area-preservingly isotoped off of itself in D( τ/π), leading to an exact Lagrangian isotopy from Λ (r) to a Lagrangian submanifold of τ (P) which is disjoint from Λ (r) . By [Pol, Exercise 6.1.A] this exact Lagrangian isotopy can be extended to a Hamiltonian isotopy of τ (P) (and hence to a Hamiltonian isotopy of M ), proving that Λ (r) is displaceable.
Recall that the special value of r leading to monotonicity of Λ (r) in M is given by r 2 = α π . Thus the above argument leads to a displaceable monotone Lagrangian submanifold of M when α < τ 2 . We summarize the conclusion of this discussion as follows: show that the submanifolds k,m ⊂ Q n ( 2) also obey the last condition in Proposition 4.2; we omit the proof since we will later prove the displaceability of the relevant submanifolds of P n ( 2) in a more concrete way in Section 7.
GENERALIZED POLTEROVICH SUBMANIFOLDS
For natural numbers m ≥ k ≥ 0 not both zero, and for a real number r > 0, define a submanifold
as the image of the two-to-one map
, y) → ((−r sin θ x, r cos θ y), (cos θ x, sin θ y))
Here may be characterized as the union of the lifts to T * S k+m+1 of the speed-r geodesics that pass through points of the form (x, 0), (0, y) ∈ S k+m+1 where x ∈ S k and y ∈ S m . Equivalently, where for each nonnegative integer j we write e 0, j = (1, 0, . . . , 0) ∈ S j ⊂ j+1 and 0 j for the zero vector in j , we may construct Proof. For k = 0 this was proven in the remark at the end of [AF] , so let us assume that 1 ≤ k ≤ m. Also, the fiberwise dilation by the factor 2r is a conformal symplectomorphism of
, so it suffices to prove the result when r = 1/2.
We first prove monotonicity. Since k + m + 1 ≥ 3, the boundary map ∂ :
) is an isomorphism. Of course, the map ι :
as an index-two subgroup of π 1 (
1/2 k,m
). So to establish monotonicity it is enough to prove that the area and Maslov homomorphisms are positively proportional on suitable preimages under ∂ of a set of generators for ι * π 1 (
) for p ∈ {1, 2, 3} by:
Here 0 j denotes the zero vector in j .
So the boundaries of u (1) , u (2) , u (3) coincide with the images under ι of great circles in the factors 
to the pullback
has Maslov index zero. The same argument shows that u (2) has Maslov index zero.
Thus since the homotopy classes of u (1) , u (2) , and
to see that T * S k+m+1 is monotone it suffices to check that the area and Maslov homomorphisms have the same sign on u (1) . Where λ is the canonical one-form on T * S k+m+1 we have We now turn to nondisplaceability. For this purpose we can borrow the argument of [AF] , which established nondisplaceability in the case that k = 0; for the most part this extends straightforwardly to the case k > 0, except perhaps in one respect. Since
is monotone with minimal Maslov number at least 2, its Floer homology (with /2 coefficients) can be defined as in [Oh] . The basic idea from [AF] is that, if one makes suitable auxiliary choices in the definition of the Floer complex, including a Morse function f :
→ , then the Floer complex is spanned as a ( /2 )-module by the critical points of f , and the Floer differential counts gradient flowlines of f together with certain strips with positive Maslov index, but the positive-Maslov-index strips come in pairs due to a symmetry and hence do not contribute to the Floer differential over /2 .
We can use essentially the same symmetry considered in [AF] :
so that I 0 is a reflection through a great circle passing through the points (e 0,k , 0 m+1 ) and ( 0 k+1 , e 0,m ),
and then define I :
. The Morse function f used by [AF] when k = 0 does not adapt well to the case that k > 0, so we use a different one, as follows: define f :
→ by the property that its pullback by the double cover
is given by (for sufficiently small ε these will be precisely the constant curves at critical points of f ), and the Floer differential counts, in the standard way, solutions u:
with boundary mapping to
, where J t is a suitably generic family of tame almost complex structures on T * S k+m+1 . In order to apply the Albers-Frauenfelder symmetry argument we would like to require the almost complex structures J t to be I -invariant, which of course a priori might be thought to conflict with genericity. As in [AF] , [KS, Propositon 5.13] shows that families of almost complex structures generic amongst those which are I -invariant will have the property that all solutions u to (8) whose images are not contained in F i x(I ) are regular; moreover, any solutions u with image contained in F i x(I ) necessarily are contractible and so have Maslov index zero. For small ε, these Maslov-index-zero solutions will have very low energy and so will be contained in a , and so assuming that the extension of f to T * S k+m+1 has been chosen appropriately, an argument as in [Poz, Proposition 3.4.6] implies that all of these Maslov-index-zero solutions will be given by u(s, t) = γ(t) for some negative gradient flowline γ of ε f : → obeying the differential equation θ ′ (s) = −(10 cos(2θ (s)) − (sin θ (s))(ε 1 + ε 2 )). For these special solutions it is a straightforward matter to see that the kernel of the linearization of the negative gradient flow equation has dimension equal to the difference of the indices of the critical points lim s→±∞ γ(s); hence the linearization is surjective and so the negative gradient flowlines that are contained in the fixed locus are indeed cut out transversely. Consequently for a generic I -invariant metric on 1/2 k,m which coincides with the standard metric along the fixed locus, all negative gradient flowlines are cut out transversely, and so just as in [AF] we can find families of I -invariant almost complex structures for which all solutions to (8) are cut out transversely.
We then construct the Floer complex using such a family of I -invariant almost complex structures. Since I acts freely on the set of positive-Maslov-index solutions to (8), the /2 -counts of such solutions are zero, and so the Floer differential only counts Maslov-index-zero solutions, all of which are t-independent and reduce to negative gradient flowlines. Consequently the /2 -Floer complex of 1/2 k,m , defined using these data, coincides with the /2 -Morse complex of the function ε f , and in particular the /2 -Floer homology of 1/2 k,m is nonzero, proving nondisplaceability.
LAGRANGIAN SUBMANIFOLDS OF QUADRICS
Where the quadric Q k+m+2 ( 2) and the sphere 0,k+m+1 are as defined in Section 4.2, define a map Ψ:
Here we write a general element of Q k+m+2 ( 2) ⊂ P k+m+2 ( 2) as [z 0 : z] where z 0 ∈ , z ∈ k+m+2 , and |z 0 | 2 + |z| 2 = 2. The map Ψ, which is easily seen to be a symplectomorphism to its image, gives a dense Darboux-Weinstein neighborhood of the sphere 0,k+m+1 ⊂ Q k+m+2 ( 2), with image equal to the complement of the hyperplane section
Thus Ψ should be seen as complementary to the map Θ Q from Section 4.2, which gives a dense tubular neighborhood of the symplectic submanifold Q k+m+1 ( 2) with complement 0,k+m+1 .
Considering again the submanifolds
where now we always assume that 0 < r < 1, we see
Meanwhile, where Θ Q :
is the disk bundle embedding from Section 4.2, one easily computes that, for (e iθ , x, y)
From this we immediately see that:
Proposition 6.1. For 0 < r < 1, the image under Ψ: (P Q ) → Q k+m+2 ( 2) of the radius-2 − 2r circle bundle over the Lagrangian submanifold
We now turn to the one remaining loose end in the proof of Proposition 5.1, namely the computation of the Maslov index of the disk u (1) disk described near the start of the proof of that proposition.
Proposition 6.2. The Maslov index of u
(1) is 2(k + m).
Thus the boundary of the disk (P Q ) → Q k+m+1 ( 2). Thus, in Q k+m+2 ( 2), we may glue the disk Ψ • u (1) to the disk Θ Q (D i,1 ) along their common boundary to form an oriented sphere S ⊂ Q k+m+2 ( 2). Now Θ Q (D i,1 ), considered as a disk with boundary on Ψ(
) is easily seen in view of Proposition 6.1 to have Maslov index 2. Consequently (using of course that Ψ is a symplectomorphism to its image) we conclude that the Maslov index of u (1) is given by
Now for any n a standard computation shows that the first Chern class of TQ n ( 2) is equal to n−1 times the restriction of the Poincaré dual of a hyperplane in P n to Q n ( 2), i.e., to n−1 times the Poincaré dual to a transversely-cut-out hyperplane section of the hypersurface Q n ( 2) ⊂ P n . For this transverse hyperplane section we may take {[ z] ∈ Q n ( 2)|z 0 = 0}, which is just the image under Θ Q of the zero-section of the disk bundle n−1 2π (P Q ) → Q n−1 ( 2). Where k + m + 2 = n, the sphere S described in the previous paragraph intersects this zero section once, positively and transversely; hence
and by (9) µ(u (1) ) = 2(k + m). Proof. As mentioned earlier, for any n ≥ 2, if we view Q n ( 2) as a hypersurface in P n then c 1 (TQ n ( 2)) is n − 1 times the restriction of the Poincaré dual to a hyperplane in P n . Meanwhile the symplectic form on Q n ( 2) is the restriction of the symplectic form on P n ( 2), which in turn n 29 is cohomologous to 2π times the Poincaré dual of a hyperplane. Thus the symplectic form ω on Q n ( 2) obeys
So in view of the exact sequence (for n = k + m + 2)
) is monotone if and only if there is a set of elements of π 2 (Q k+m+2 ( 2), Ψ( r k,m )) whose images under ∂ generate a finite-index subgroup of π 1 (Ψ( r k,m )) and on each of which the area homomorphism takes value π k+m+1 times the Maslov homomorphism.
For such a set we could take → Q k+m+2 ( 2) (as we have discussed earlier, this disk fiber has precisely the opposite boundary as Ψ • u
(1) ). Since Ψ is a symplectomorphism to its image, the proof of Proposition 5.1 shows that Ψ • u (2) and Ψ • u (3) both have area and Maslov index equal to zero, and so obey the desired proportionality. Meanwhile the disk fiber has area 2π(1 − r) and Maslov index 2, and so we obtain monotonicity if and only if
Accordingly we define
we have seen that this is a monotone Lagrangian submanifold of the 2(k + m + 1)-dimensional quadric Q k+m+2 ( 2), diffeomorphic to
where /2 acts by the antipodal map on each 
Note that, for z 1 , z 2 ∈ D(1), we have f (z 1 ) = f (z 2 ) if and only if z 1 = ±z 2 . Moreover, by construction, for all z ∈ D(1) we have
from which it follows that, for any
Conversely, given z ∈ D(1), x ∈ S k , y ∈ S m , one can easily check that a point of P k+m+2 ( 2) having the form [z : ux : v y] where u ∈ (1) and v > 0 lies on the quadric Q k+m+2 ( 2) only if u = f (z) and v = c(z).
( 2) by restriction of its action on P k+m+2 ( 2), and the subgroup of O(k + m + 3) which preserves the hyperplane section Q k+m+1 ( 2) = {z 0 = 0} is a copy of O(k + m + 2) which acts in Hamiltonian fashion on Q k+m+2 ( 2) with moment map µ Q :
2 ). From this and the remarks immediately before the proposition we see that the right hand side of (10) consists of those
and the upper left (k +1)×(k +1) and lower right (m+1)×(m+1)
Meanwhile the symplectic embedding Ψ: Proof. For any embedded loop γ:
where f and c are as defined just above Proposition 6.4. Since f has image in the open upper half-plane, one sees easily that G γ is a Lagrangian embedding. For a (not necessarily embedded) cylinder Γ: y) . We see that, where ω Q is the symplectic form on Q m+2 ( 2), the pullbackG * Γ ω Q is independent of the S m factor and restricts to each 
where γ:
is an embedded curve. Such immersions are not generally embeddings, since (bearing in mind that f (z) = f (−z) and c(z
In particular if γ 0 is the circle of radius
around the origin then G γ 0 is a two-to-one cover of L Q k,m . To use the method of the proof to displace L Q k,m for k > 0, one would need to isotope this circle off of itself passing only through loops which bound the same ω ′ D -area and are symmetric about 0, which of course is impossible. Relatedly, in terms of the general condition for displaceability discussed in Section 4.4, it can be shown that the area homomorphism on π 2 (Q k+m+1 ( 2), k,m ) has image τ when k = 0 but τ 2 when k > 0, so that in the latter case the connection used in the Biran circle bundle construction has nontrivial holonomy.
If we instead choose the loop γ to be contained in the upper-half disk (1), so that in particular γ does not pass through any pair of antipodal points, then G γ :
be an embedding, which is monotone if and only if γ bounds ω
. If the area enclosed by γ is less than one-half of the ω ′ D -area of (1) (i.e., less than π 2 ), then the same method used in the proof of Proposition 6.5 shows that with up to diffeomorphism with the quotient
where /2 acts by the antipodal map on both factors.
In particular 
(smoothly extended to take the value 1 2 at 0), the map
has been shown in Lemma 3.1 to be a symplectomorphism to its image, which is the complement P k+m+1 ( 2)\Q k+m+1 ( 2) of the quadric. Ψ P is manifestly equivariant with respect to the natural O(k + m + 2)-actions on domain and range, and pulls back the moment map for the
The norms of these moment maps (with respect to the standard inner product 〈A, B〉 = 1 2 A ⊤ B on o(k + m + 2)) are given, respectively, by
In particular, since the Hamiltonian
generates an effective S 1 -action on D * 1 P k+m+1 \ 0 P k+m+1 (given by the unit speed geodesic flow) and since Ψ P pulls back Φ C to Φ P , we infer that 1 2
Φ
C generates an effective S 1 -action on P k+m+1 ( 2) \ P k+m+1 , as can also be verified by direct computation.
For 0 < r < 1, the Lagrangian submanifold 
This equation for v in particular forces v to be in the interior ( 2) of the closed upper half-disk, which implies that the point's representation in the form [v x : y] for v ∈ ( 2) is unique. Thus:
As in Proposition 6.1 we consider the Lagrangian submanifold
of the hypersurface Q k+m+1 ( 2). Recall from Section 4.3 that where
we have a disk bundle projection
and a symplectic tubular neighborhood Θ P : π (P P ) → P k+m+1 ( 2) defined by
Similarly to Proposition 6.1, we have:
) is equal to the image under Θ P of the restriction of the radius-1 − r circle bundle in k+m+1 π Proof. The restriction of the radius-1 − r circle bundle in k+m+1 π (P P ) to k,m consists of points of the form i x, y , ζ where x ∈ S k , y ∈ S m , and |ζ| 2 = 1 − r. Such a point is mapped
In particular (by multiplying the above expression in brackets by an appropriate phase), we see that for any x ∈ S k , y ∈ S m , and ζ ∈ D(1), Θ P i x, y , ζ may be expressed as [v x : 2 − |v| 2 y] for some v ∈ ( 2). Now
) precisely when |ζ| = 1 − r This proves that the image under Θ P of the radius-1 − r circle bundle over k,m is contained in
). Since Θ P is an embedding and since the two manifolds in question are closed, connected, and of the same dimension this suffices to prove the proposition.
Likewise we have an analogue of Proposition 6.3:
) is monotone if and only if r
)) is spanned by the homotopy classes of:
• A complex projective line in P k+m+1 ( 2), which has area 2π and Chern number k+m+2, hence Maslov index 2(k + m + 2).
• The image under Θ P of a disk of radius 1 − r in a fiber of the bundle . Accordingly we define
which we have shown to be a monotone Lagrangian 
Proof. We argue similarly to the proof of Proposition 6.5. To any simple closed curve γ: S 1 → ( 2) in the open upper half-disk of radius 2 we may associate the Lagrangian embedding
(As always, /2 acts on S k × S m by the antipodal map on both factors.) In the special case that the image of γ is the curve
, the image of G γ is our monotone Lagrangian L P k,m x, y) ; this Lagrangian isotopy will be exact precisely when the image of each Γ(s, ·) encloses the same area 3 in ( 2), and in this caseG Γ can be extended to an ambient Hamiltonian isotopy. In particular if the image of γ: S 1 → ( 2) encloses area less than π 2 (i.e., less than half of the area of ( 2)) then the image of G γ will be displaceable, since in this case we can find an isotopy Γ through curves all enclosing the same area which disjoins the image of γ from itself, giving rise to a Lagrangian isotopyG Γ which disjoins the image of G γ from itself.
By Lemma 3.5, the area enclosed by our curve C k,m is π(1 − r k+m ) = 2π k+m+2 , which is strictly less than 1,1 , in P 3 . We will investigate this matter using Floer homology, as reformulated in terms of the Biran-Cornea pearl complex [BC09] and its twisted-coefficient version [BC12] . This complex is constructed using a Morse function f : L → on a monotone Lagrangian submanifold L of a symplectic manifold (M , ω), a suitable almost complex structure J on M , and a homomorphism χ : H 1 (L; ) → * ; at the level of vector spaces the complex coincides with the -Morse complex of f , while its differential counts "pearly trajectories" consisting of a sequence of negative gradient flowlines for f and J -holomorphic disks with boundary on L, with the count of each pearly trajectory weighted by the image under χ of the homology class of the 1-cycle on L traced out by the boundaries of the holomorphic disks that appear in the pearly trajectory. As noted in [BC12, Section 2.4.1], the resulting homology QH (L; χ) is isomorphic to the self-Floer homology of the pair consisting of L together with a flat line bundle with holonomy χ : H 1 (L; ) → * (as defined in, e.g., [Cho08] ). In particular, if there exists a homomorphism χ :
is nonzero then L is nondisplaceable. In the case that, as with both L P 0,2 and L P 1,1 , the Lagrangian submanifold L is spin and has minimal Maslov number 2, and H 1 (L; ) is torsion-free, let us now recall a method ([FOOO10] , [BC12, Section 3.3] ) for finding choices of χ such that QH(L; χ) = 0. Let 2 denote the subset of H 2 (M , L; ) consisting of classes with Maslov index two. To each A ∈ 2 we may associate an integer-valued Gromov-Witten-type invariant ν(A) ∈ that, for generic compatible almost complex structures J , counts J -holomorphic disks with boundary on L that pass through a generic point of L on their boundaries (since L is monotone and A has minimal positive Maslov number, no bubbling is possible, and the spin structure on L allows the relevant spaces of J -holomorphic disks to be oriented).
(Of course, choosing a basis of H 1 (L; ) (which we have assumed to be torsion-free) identifies 
the relative homology class of (the image under Θ P of) the closed radius-2/(k + m + 2) disk in the fiber of 
The condition on the minimal Maslov number is included to prevent disk-bubbling and so to ensure that ν(D) is well-defined.)
Proof. Where J is the standard complex structure on P k+m+1 ( 2), we will show that there is up to conformal automorphism a unique, J -holomorphic representative of D with boundary passing through any point in the fiber of L 
. Also, our disk u 0 is disjoint from V 0, j for j ≤ k and from V i,k+m+1 for i ≥ k + 1, and therefore so too must be any other representative w of D. So the image of w is contained in the domain of the partially-defined holomorphic map P k+m+1 ( 2) k+m given by
Composing w with the above map gives a holomorphic mapw : Proof. The long exact sequence for relative homology shows that H 2 ( P m+1 ( 2), L P 0,m ; ) has basis {D, ℓ} where ℓ is the class of a projective line in P m+1 ( 2). Now if C ∈ H 2 ( P m+1 ( 2), L P 0,m ; ) and if V ⊂ M is a compact oriented codimension-two submanifold such that V ∩ L P 0,m = ∅ we have a well-defined -valued intersection number A · V . If A is represented by a J -holomorphic disk and if V is a J -complex hypersurface then it will hold that A · V ≥ 0 by positivity of intersections.
In particular, where Q = Q m+1 ( 2) denotes the quadric hypersurface, we have ℓ · Q = 2 and D · Q = 1. So for a general class A = λℓ + δD to be represented by a J -holomorphic curve it is necessary that A · Q = 2λ + δ ≥ 0 Meanwhile the Maslov indices of ℓ and D are given by µ(ℓ) = 2(m + 2) and µ(D) = 2. So for µ(A) = 2 we must have (m + 2)λ + δ = 1, and hence, since 2λ + δ ≥ 0, mλ = 1 − (2λ + δ) ≤ 1, forcing λ ≤ 0 since λ ∈ and m ≥ 2.
Also, where H = {z m + iz m+1 = 0}, the hyperplane H is disjoint from the image under Θ P of a disk fiber of D π over a point of 0,m , as follows from the description of this disk just before the statement of Proposition 8.1. So D · H = 0, while of course ℓ · H = 1. So for the class A = λℓ + δD to have nonnegative intersection with H we must have λ ≥ 0. But we have already shown that λ ≤ 0, so λ = 0 and, in order for µ(C) to be 2, it must be that δ = 1. ; ) has basis {∂ D, ∂ C 1 , β } where β is a class with 2β = ∂ (C 1 + C 2 ). The long exact relative homology sequence shows that there is a class B ∈ H 2 ( P 3 ( 2), L P 1,1 ; ), unique up to addition of a multiple of ℓ, such that ∂ B = β . For some n ∈ we must have 2B = C 1 +C 2 +nℓ, and in fact we can (and do) take n ∈ {0, 1} by adding a suitable multiple of ℓ to B.
To determine whether n is 0 or 1, note that where H Proof. We have already established this result for A = D in Proposition 8.1. For the remaining classes, we use the dense embedding Θ P : π → P 3 ( 2) in order to appeal to the results of [BK] . In particular we compute ν(A) using an "admissible" almost complex structure J as defined in [BK, p. 19] (this involves first choosing a regular almost complex structure J Q on the quadric Q 3 ( 2), which we take to be the standard complex structure). These almost complex structures make the quadric Q 3 ( 2) holomorphic, so since all of the classes in the proposition other than D have intersection number zero with Q 3 ( 2), any J -holomorphic representative of one of these classes will be contained in P 3 ( 2) \ Q 3 ( 2). But then [BK, Proposition 5.0.2] implies that these disks must all be contained in (the image under Θ P of) a small neighborhood of the radius-1/ 2-circle bundle in k+m+1 π (P P ), and then [BK, Section 6 .1] shows that such disks are cut out transversely. Also, by the definition of admissibility in [BK] , such a disk is contained in a region on which the projection π: Now there is a Kähler isomorphism between Q 3 ( 2) and S 2 × S 2 that takes 1,1 to the product of equators (one can see this, by, for instance, considering the moment map of the action of a maximal torus in O(4) on Q 3 ( 2), which has 1,1 as its central fiber, and then appealing to the uniqueness theorem for toric manifolds with a given moment polytope). In view of this, there are up to automorphism precisely four J Q -holomorphic disks in Q 3 ( 2) with boundary on 1,1 passing through a given point of 1,1 on their boundary; moreover the boundaries of these disks represent four distinct classes in H 1 ( 1,1 ; ). Consequently the lifts of these four disks must have boundaries that represent distinct classes in H 1 (L P 1,1 ; ). So since the only four classes in H 2 ( P 3 ( 2), L P 1,1 ; ) of Maslov index two and intersection number zero with Q 3 ( 2) that can be represented by Jholomorphic disks are the classes B − D, B − D−A 1 , B − D−A 2 , and B − D−A 1 −A 2 , we conclude that there must be precisely one disk up to automorphism in each of these four classes with boundary passing through any given point on L P 1,1 . As mentioned earlier, for the admissible almost complex structure J all disks in P 3 ( 2) \ Q 3 ( 2) will be cut out transversely, so we indeed obtain that all four of these classes have Gromov-Witten invariant in {−1, 1}. 
